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ABSTRACT

The U.S. military presently manages about 88 billion dollars in spare and repair
parts, consumables, and other support items. Department of Defense (DOD)
inventory models which help wholesale item managers make inventory decisions
concerning these items are based on the assumption that mean demand remains
constant over time. In DOD this assumption is rarely met. During periods of
declining demand, such as that associated with force reduction or equipment
retirement, the inventory models usually keep stock levels too high, generating excess
material. Recently, the amount of excess in DOD was estimated to be as high as 40
billion dollars. On the other extreme, during periods of increasing demand, the
models generally provide too little stock, resulting in poor weapons system support.
The purpose of this research was to develop an inventory model which does not rely
on the assumption that mean demand is stationary. Use of the model would be
appropriate when a known or predictable increase or decrease in mean demand is
forecasted. Through simulation the model's performance was evaluated and compared
with that of the Navy's Uniform Inventory Control Program (UICP) model. The
results indicate that the proposed model significantly outperforms the existing model
when mean demand is non-stationary. Additionally, the results indicate that the
proposed model's performance is equal to or better than the existing Navy model

under many stationary mean demand scenarios.




THESIS DISCLAIMER
The reader is cautioned that computer programs developed in this research may not have been
exercised for all cases of interest. While every effort has been made, within the time
available, to ensure that the programs are free of computational and logic errors, they cannot

be considered validated. Any application of these programs without additional verification is

at the risk of the user.
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EXECUTIVE SUMMARY

In the past decade the Department of Defense's (DOD) inventory management of
secondary items has come under intense Congressional scrutiny. Secondary items are
consumable and repairable spare and repair parts and other support items that are
needed to maintain the readiness of the military forces' weapon systems and support
military personnel. The total value of this material was $88.1 billion in fiscal year
1991. The vast majority ($73 billion) of these items were stocked as demand-based
items.

Inventory models which help DOD wholesale item managers make inventory
decisions concerning these items are based on the assumption that mean demand
remains constant over time. Since, in reality, mean values for demand change over
time, the existing models cannot directly compensate for these changes. During
periods of declining demand, such as that associated with force reduction or equipment
retirement, the inventory models usually keep stock levels too high, generating excess
material. Recently, the amount of excess in DOD was estimated to be as high as $40
billion. On the other extreme, during periods of increasing demand, the models
generally provide too little stock, resulting in exceptionally poor levels of customer
service.

In this study an alternative replenishment strategy is proposed which does not
rely on the assumption that mean demand is stationary. The basis for the research is a
model developed by E.A. Silver for probabilistic demand with a time varying mean.

Silver's model is a three-stage procedure, determining when to order, the number of




periods to cover, and the order quantity. Although the model assumes demand is
probabilistic, the determination of the length of the order cycle is based upon the
deterministic Silver-Meal heuristic, selecting the order quantity so that total relevant
costs are minimized over the period that the replenishment quantity will support. .
Silver's model is extended and modified as necessary to work within existing DOD
inventory information systems, to comply with DOD mandated constraints, and to
handle the uncertainty of a non-deterministic replenishment lead time. The resulting
model is called the modified Silver model. Since the model requires the ability to
forecast over a specified time horizon, use of the model would be appropriate when a
known increase or decrease in mean demand is forecasted.

Evaluation of the modified Silver model is based on a Monte Carlo simulation.
The baseline measurement is the performance of the current Navy Uniform Inventory
Control Program (UICP) model for consumable items under the same simulated
demand scenarios. Since the Navy model is based on the general DOD model, the
results should have direct applicability to other DOD components' (DLA, Army, Air
Force) models. Both simulations approximate the inventory management of a single
consumable item for as many as 120 quarters. The simulation experiments include a
variety of run characteristics, system parameter settings, and generated demand
profiles,

Testing of the modified Silver model using a stationary mean demand forecast
demonstrates comparable or slightly improved performance over the UICP model.

This supports the assertion that the models are nearly equivalent under the assumption
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that mean demand is stationary. Testing of the models when mean demand is varying
and estimates of the varying mean are included in the forecast clearly demonstrates
that the modified Silver model outperforms the existing UICP model. In declining
demand scenarios, the modified Silver model significantly reduces both excess
inventory at the end of the simulation interval and the total cost over the simulation
interval, with no reduction in average customer wait time. In increasing demand
scenarios, the model significantly reduces average customer wait time at an overall

lower total cost.




I. INTRODUCTION

A. OVERVIEW

In the past decade the Department of Defense’'s (DOD) inventory management of
secondary items has come under intense Congressional scrutiny. Secondary items are
consumable and repairable spare and repair parts and other support items that are
needed to maintain the readiness of the military forces' weapon systems and support
military personnel. The total value of this material was $88.1 billion in fiscal year
1991. The vast majority ($73 billion) of these items were stocked as demand-based
items [Ref. 1]. According to one General Accounting Office (GAO) report, DOD has
"wasted billions of dollars on excess supplies, burdened itself with the need to
maintain them, and failed to acquire the tools or expertise to manage them effectively”
[Ref. 2]. The same report estimated DOD's excess inventory at about $40 billion.

Within DOD, inventory control points (ICP's) have the primary responsibility
for the wholesale management of secondary items. The DOD model used for demand-
based requirements determination is an (s,S) inventory model. In determining
requirements three factors are considered - safety level, lead time requirements, and
the economic order quantity (EOQ). Safety levels and lead time requirements are
combined to determine the reorder level (s). If the inventory position (on-hand plus
on-order minus back-ordered stock) falls below the reorder level, then a replenishment

is made to bring the inventory position up to the order-up-to-level (S). The order-up-




to-level is primarily a function of the economic order quantity. A fundamental
assumption of the reorder point and economic order quantity formulas used by DOD is
that the demand rate is stationary over time. Unfortunately in most environments,
including DOD, this assumption is rarely met. Continued use of this assumption has
been linked by GAO to the buildup of excess inventories in the military supply system'’
[Ref. 3]. GAO's findings include the recommendation for DOD to adopt a
replenishment strategy that can be used when the mean demand rate is non-stationary
over time. With the current and planned reduction in the size of the Department of
Defense, and the ensuing decline in secondary item demand, the need for such a

model has never been more pressing.

B. OBJECTIVES AND SCOPE OF THE RESEARCH

The primary objective of this research is to develop and test a model based on
economic order quantity principles for probabilistic time-varying mean demand with
stochastic lead times. The model will be used to determine both a reorder point and a
reorder quantity. In designing the model, the following elements are considered
crucial:

- The model should significantly reduce excess inventories yet still maintain
adequate levels of customer service.

'For a discussion of excess inventory in the Navy supply system, see Lilli and Husson's thesis
{Ref.4]. For a discussion of other contributing causes see Perry’s study [Ref. 5] or the GAO report on the
shortcomings in requirements determination processes in the DOD [Ref. 6 ].




- The model should be designed to fit into existing inventory information
systems, such as the Navy's Uniform Automated Data Processing System for
Inventory Control Points (UICP), with minimal changes required in software
and no changes in hardware.

- The model should be tested over a wide range of scenarios, representing
increasing and declining demand, as well as a full range of demand
variability.

- The model should be simple to understand.

The model should meet all DOD mandated constraints.

1

The basis for the research is a model developed by E.A. Silver for probabilistic
demand with a time varying mean [Ref. 7). The model is extended and modified as
necessary to meet the above requirements. The resulting model is called the
"modified Silver model."

Evaluation of the new mode! is based on a Monte Carlo simulation. The
baseline measurement is the performance of the current Navy UICP model for
consumable items under the same simulated demand scenarios. Since the Navy model
is based on the general DOD model, the results should have direct applicability to
other DOD component (DLA, Army, Air Force) models.

The model has particular application to items experiencing a known or
predictable decline or increase in mean demand, such as with system retirement,
planned reductions or increases in component population, or engineering design
changes of the weapons system component that contains the item. Since all changes
in mean demand are not predictable, the effects of using the model when mean

demand is stationary is also studied.




C. LITERATURE REVIEW

There has been a considerable amount of development of inventory models when
mean demand is assumed to be stationary. There has also been a considerable amount
of attention paid to the deterministic version of the non-stationary demand problem.
However, the number of papers devoted to probabilistic, non-stationary demand is
very limited. Since we are concerned exclusively with non-stationary demand, several
of the more important papers for both the deterministic and the probabilistic case for
non-stationary demand are discussed in the following paragraphs.

The most often discussed procedure for the time-varying, deterministic case is
the Wagner-Whitin (W-W) dynamic lot-sizing algorithm [Ref. 8]. Although the
procedure provides a true optimal solution using a dynamic programming approach, it
has often been ignored for practical use because of the amount of computational effort
required and the possible need for a well defined ending point for the demand pattern
[Ref. 9: p. 231]. Consequently many heuristics have been developed which are both
easier to implement and computationally less demanding.

Of the several heuristic approaches, the Silver-Meal (S-M) heuristic [Ref. 9] has
received a significant amount of review. The heuristic is a simple modification of the
basic economic order quantity model for the discrete case. The strategy of the
heuristic is to select the order quantity so that the total relevant costs (ordering and
holding) are minimized for the time the replenishment quantity will last. In

performance tests of the S-M heuristic, the W-W algorithm, and the EOQ, the average




cost penalty for using the heuristic over the algorithm is less than 1%. Furthermore,
whenever the W-W algorithm significantly outperformed EOQ, so did the S-M
heuristic [Ref. 9: p. 237]. Blackburn and Millen [Ref. 10] also showed that in a
rolling horizon implementation where a firm has limited information about the future,
the S-M heuristic is superior to the W-W algorithm in terms of cost effectiveness.

Ritchie and Tsado [Ref. 11] compared the S-M heuristic, among others, to a
marginal cost approach. Using the marginal cost approach, the economic order
quantity is determined by increasing the lot size as long as the marginal savings in
ordering costs are greater than the marginal cost increase in inventory holding costs.
In the case of a lifecycle demand pattern, tests indicated that the marginal cost
approach performed better than the S-M heuristic. The life cycle demand patterns
included a period of increasing demand followed by a stationary period followed by a
decreasing period. All comparisons were made to baseline W-W optimal values.

Cline, Foote and Schlegel [Ref. 12] compared the W-W algorithm, S-M
heuristic, along with the EOQ and several other less common heuristics, for a single-
stage lot-size production problem with probabilistic demand. They concluded that the
W-W algorithm clearly worked best if minimizing shortages is the criterion of choice.
Otherwise, the S-M heuristic or EOQ were among the equally good choices.

Several‘ other papers in the literature deal with specific patterns of time varying
deterministic demand. Donaldson [Ref. 13] determines an optimal strategy for linear
increasing demand. Ritchie and Tsado [Ref. 14] show that using the EOQ in cases of

linear increasing demand results in only a small cost penalty when compared with




Donaldson's optimal value. In either case, because of their limited application these
works provide little insight into the general case of problems associated with this
study.

As indicated earlier, the amount of research dealing with non-stationary
probabilistic demand is much more limited. The inclusion of uncertainty in demand
alone can significantly complicate the problem from a conceptual viewpoint. Having
the additional uncertainty in replenishment lead time, as well as allowing for a time
varying mean demand only compounds this already complex problem.

In a 1978 paper, Silver [Ref. 7] provides a relatively simple approach to the
probabilistic lot-sizing problem, using in part, a deterministic technique to determine
the length of an order cycle. His model forms the basis of this research. Silver’s
model is a three stage approach - deciding when to order, the number of periods the
order should cover, and the order quantity. The model assumes that replenishment
lead time is fixed. Silver's model is discussed in great detail in Chapter IIl of this
thesis.

Askin [Ref. 15] develops a similar, although somewhat more complex
procedure, where the probabilistic nature of demand is included in determining the
length of the order cycle. Using his approach, the length of the order cycle is
determined by finding the cycle length T that minimizes expected cost over the
forecast horizon. Again, replenishment lead time is assumed to be fixed. One
important assumption of his basic model is that once an order is placed for T time

periods, another order is not placed for another T periods. Askin offers a




modification to the model for an every-period-review approach but the model becomes
significantly more complex. In either case the probability distribution of demand must
be known.

More recently a near-myopic heuristic is provided by Bollapragda and Morton
[Ref. 16]. Myopic policies order as if left over inventory from the current order
could be salvaged at full value, allowing the problem to be solved easily without
extensive knowledge of the future or dynamic programming. In this case "extra" units
ordered during one replenishment cycle, if not used, could simply be applied to offset
the next period requirements. This could lead to serious problems in the case of
declining demand where there may be insufficient requirements to be offset. In such
cases they hypothesize the heuristic is near myopic. Their heuristic involves first
solving the optimal problem for a series of stationary demand problems and tabulating
the (s,S) results. The non-stationary problem is then approximated by the stationary
problem. This is done by averaging the demand parameters over an estimate of the
replenishment time and readiné the corresponding (s,S) values from the stationary
tables. Bollapragda and Morton compare their "newsboy” heuristic and Askin's
procedure to a dynamic programming solution. Overall, the heuristic averaged 1.7%
error as compared to Askin's procedure, which averaged 2.0% error. The results
were presented for relatively low varying demand only (o/x=0.1 and 0.3).

Another approach to a trended economic order quantity is currently under
investigation for the Defense Logistics Agency (DLA) by analyst at the Defense

Electronic Supply Center [Ref. 17]. Although published results are unavailable,




research as been directed towards increasing or declining demand with either
exponential or linear trends. Based on the limited information available, a variable
safety level model is being developed where mean demand is assumed to follow one of
these preset curves. Curve parameters are obtained from a regression model. The
model then solves iteratively for a deterministic EOQ and a variable safety level.

Lilli and Husson [Ref. 4] specifically addressed the issue of declining demand
and the generation of excess assets. Using simulation, they first show that improved
forecasting alone will not completely solve the problem of excess assets following a
declining demand period. To eliminate excess inventories, they develop a model
which reduces both the order quantity and reorder level proportionally to the
population decline over the length of the declining cycle. The technique was
successful in reducing excess inventory, however, the improvement comes at the
expense of customer service.

Many of the theoretical papers discussed in the previous paragraphs provide
insight in dealing with changes in demand. The most important insight is the
complexity of the problem when demand is probabilistic. Silver's work appears to
provide the most straightforward and general application. Askin's improves on
Silver's model by including the probabilistic nature of demand in the determination the
length of the order cycle. The model is more complex though and requires explicit
knowledge of the demand distribution. Bollapragda and Morton provide a new

approach, although it also requires knowing the probability distribution of demand.




With the large scale inventory maintained by DOD, this requirement creates serious

drawbacks for either of the latter models.

D. ORGANIZATION OF THE THESIS

This thesis consist of six chapters. Chapter II provides an overview of the
current UICP inventory model for consumable items. Chapter Il provides a detailed
description of the modified Silver model. The first few sections are devoted to the
introduction of notation and model assumptions. The remainder of the chapter
describes the basic Silver model, extensions and modifications to the model, and the
estimation of model parameters. Chapter IV provides an overview of the simulation
software, followed by a detailed description of the simulation structure and
implementation assumptions. Chapter V provides the experimental design used to
compare model performance and presents the results of the simulation experiments.

Chapter VI presents the summary, conclusions, and recommendations of this research.




II. THE UICP INVENTORY MODEL

A. INTRODUCTION

The principal policy for the Department of Defense (DOD) concerning
procurement cycles and safety levels of supply for secondary consumable items is
provided in DOD Instruction 4140.39 [Ref. 18]. The objective of the policy
guidelines stated in this instruction is:

To minimize the total of variable order and holding costs subject to a constraint on
time weight-weighted, essentiality-weighted requisitions short.

The mathematical mode! specified in this instruction parallels the lot size reorder point
model for the backorders case as described by Hadley and Whitin [Ref. 19: p. 181-
195]. The model assumes demand is stochastic, and that the mean rate of demand
remains constant over time.

OPNAV Instruction 4440.23 [Ref. 20] further specifies policy within the Navy.
Partial documentation for the Navy specific inventory model, including computational
methods and constraints, can be found in NAVSUP Publication 553 [Ref. 21]. The
current system design and the specifications for the computer program that implements
the model are described in Functional Description (FD) PD-82 published by the
SPCC, Code 046 [Ref. 22]. The purpose of this chapter is not to reiterate these
documents, but simply to provide the reader with enough detail to have a general

understanding of the UICP consumable item inventory model.
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B. BASIC ASSUMPTIONS AND DEFINITIONS

In order to understand the inventory model currently employed by SPCC for
consumable items, some basic assumptions and definitions are necessary.
Replenishment decisions are based on the decision variables, reorder quantity R and
order quantity Q, and inventory position (IP) which is defined to be the quantity on
hand plus on order minus the quantity backordered. With the continuous-review (Q,R)
policy used by the Navy, when the IP reaches or falls below the reorder quantity R,
the order quantity Q plus IP-R units are ordered for stock replenishment.

Each time an order is placed, certain setup or administrative ordering costs are
incurred (denoted here by A). DOD Instruction 4140.39 provides detailed guidance
about the types of costs associated with ordering an item for inventory. These costs
are divided into two categories, fixed and variable. Only variable costs, those that
will vary as a function of the number of times an order is placed, are to be included
in the determination of A. SPCC assigns administrative ordering cost based on the
type of item, procurement method, item mark code, and the dollar value of the order.
The item mark code is a categorization code based on forecasted quarterly demand and
unit price.

When material is physically held in stock certain variable holding costs are
incurred. The variable holding cost rate, denoted here by I, includes the costs
associated with capital, obsolescence, and storage. This rate is often expressed as a
fraction or percentage of unit cost per year; i.e., the cost to hold one dollar's worth of

material in inventory for one year. For consumable items, SPCC currently uses 0.23
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for the value of 1, which consists of 0.10 for capital (time preference), 0.12 for
obsolescence?, and 0.01 for storage costs.

Shortages occur when there is insufficient stock on-hand to fill a requisition,
resulting in a "backordered” requisition. Associated with each shortage are costs,
which may be time-weighted or independent of time. Time-weighted costs in the
military system are those costs which increase with the length of time the shortage
lasts. Time independent costs are incurred just once at the start of the shortage. An
example of such a cost is notifying the customer that the part is not in stock. In the
model used by SPCC the shortage cost is computed using the time-weighted method,
thus the units on the shortage cost rate (A) are dollars per requisition year short; 1.e.,
A is the cost of being short one requisition for one year. In reality, A is an implied
shortage cost based on a specified service level and the available budget. The true
cost of a shortage is unknown.

Essentiality (E) is the relative importance of a given item in an inventory to the
military readiness of the weapon system of which it is a component. At SPCC this
value is assumed to have a uniform value of 0.5 for all items and thus can be ignored.
The model therefore uses a shortage cost to reflect, in some sense, a measurement of

an item's military essentiality.

2 This value is actually composed of 0.10 for obsolescence and 0.02 for pilferage and inventory
adjustments.
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C. INVENTORY MODEL

The constrained optimization problem of minimizing total ordering and variable
holding costs subject to a constraint on time-weighted, essentiality-weighted
requisitions short can be written in a general, unconstrained form (the Lagrangian
function) as:

Find non-negative Q and R which minimize

TVC(Q, R) =-%—-D+IC'[R+§—F+B(Q,R) 1+ B(Q,SR) AE

where;

Q is the reorder quantity;

R is the reorder point;

A is the administrative ordering cost;

I is the holding cost rate;

A is the shortage cost;

E is the item essentiality;

D is mean demand in units per quarter;

C is unit cost;

p is mean lead time demand;

B(Q,R) is the expected number of backorders (a function of Q and R);
S is the expected number of units per requisition.

The first term in this "cost equation” represents the average annual ordering
costs for the item. The second term represents the average annual holding costs
under long run steady state conditions. The final term in the equation represents the
essentiality-weighted average annual number of requisition-years of shortages
multiplied by the shortage cost rate A. The shortage cost rate (A) is, in reality, a

Lagrange multiplier. Because all real world factors cannot be integrated easily into

13




the total variable cost equation, the Navy imposes further constraints on the solutions
to this equation.

To determine an initial value for the reorder point R, the Navy model first
makes use of the optimality condition obtained by taking the partial derivative of
TVC(Q,R) with respect to R and setting the result equal to zero. Unfortunately, the
resulting expression contains an implicit function of Q and R, making it difficult to
solve the optimality condition explicitly for R. Instead, SPCC uses an approximation
technique to determine the value of R. The resulting optimality condition is simplified

to finding the smallest R such that:

SIC

1-F(R) = o15inE

where F(R) is the cumulative distribution function describing the probability that the

random variable representing lead time demand will be less than or equal to R. The

right hand expression is defined to be optimal risk. Risk is defined as the probability
of being out of stock during a procurement lead time (L). Substituting average

requisition frequency (S=D/W) into the above expression yields:

DIC - p

1-F(R) = pieams ©

where P represents the unconstrained stock-out risk at (unconstrained) optimality.
This is the initial risk equation used at SPCC. Prior to determining the initial value of
R, the right hand side of the above equation is constrained by a maximum and

minimum risk value. Although these limits vary, the majority of consumable items at
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SPCC are constrained between a minimum risk of 0.10 and a maximum risk of 0.35.
The so-called basic reorder level R* is. the solution to the constrained risk equation.
The optimality condition for Q is determined by taking the partial derivative of
TVC(Q,R) with respect to Q and setting the result equal to zero. However, the
resulting expression is difficult to solve explicitly for Q. In practice SPCC first

determines Q using the deterministic economic order quantity equation:

o = [222

where Q* is the called the unconstrained reorder quantity. SPCC then applies a series
of constraints to Q* resulting in an initial constrained or basic reorder quantity Q,.
These constraints ensure that the order quantity is at least 1, that a sufficient quantity
is ordered to ensure that the total procurement workload does not exceed the workload
capacity of the purchasing department, and that the order quantity be no greater than
six quarters' worth of demand. The latter constraint is a DOD mandated restriction.
Finally, additional constraints are applied to the basic reorder point R* and the
basic reorder quantity Q, to obtain the final constrained reorder point R and reorder
quantity é The first of these final constraints ensures that a minimum reorder level is

~met, normally set to 0 or 1. Other constraints placed on the reorder level and reorder
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quantity ensure that the safety levels are such that on-hand assets do not exceed the

shelf life quantity® of the item.

D. FORECASTING QUARTERLY DEMAND IN UICP

Although NAVSUP Publication 553 [Ref. 21] provides a detailed description of
forecasting in UICP, recent changes have rendered this document inaccurate in this
regard. The recent changes in the demand forecasting process include the selection of
various parameters used and the trend detection technique employed.

The UICP system generally uses single exponential smoothing to forecast mean
quarterly demand and the mean absolute deviation of demand (MAD). At SPCC the
smoothing constant for both forecasts is currently set at 0.1. One exception to this
rule involves very low demand items where a power rule is used to forecast MAD.
Other exceptions occur when a significant change in mean demand is identified based
on the last quarterly observation or when recent observations indicate that demand is
trending up or down.

Prior to actually computing the next quarterly demand forecast, the most recent
quarterly demand observation is examined to determine if it falls within certain limits.
This process, called "step” filtering, is used to determine if there has been a
significant change in the mean, one that warrants discarding a majority of the

historical demand data and computing the forecast using only recent data. If the

3The shelf life of an item is the life span of an item from the date of manufacture or inspection until
the next inspection date for continued usefulness or disposal. The shelf life quantity is the expected
quantity of demand to occur during the shelf life of an item. Shelf life items include batteries, chemicals,
gaskets, etc.
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process is "out-of-filter;" i.e., the last two observations have exceeded upper or lower
control limits on the same side, the forecast is computed using only recent data. At
SPCC a four-quarter average is used to forecast demand and a power rule based on
this demand forecast [Ref. 23] is used to forecast MAD. If the observation is the
first observation to exceed the limits, then the observation is ignored and the previous
demand and MAD values are used. If the process is "in-filter" then the most recent
demand observation is subjected to a trend detection test.

SPCC has implemented a Kendall trend detection test developed by Boyarski and
Bissinger [Ref. 24]. This process uses a statistical test involving a "window" that
contains recent observed data to determine the likelihood that demand is trending. The
size of the observation "window" varies based on the mean and variability of demand.
The statistical test employed varies based on window size and the variability of
demand. If trending is detected then the next quarter's forecast is computed using
only the recent data. In this case SPCC forecasts demand using a four-quarter
average, while MAD is forecasted using a power rule. The following quarter the
forecasting process returns to single exponential smoothing unless another step or trend

1s detected.
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IIl. THE MODIFIED SILVER MODEL

A. INTRODUCTION

The modified Silver model is an extension of an inventory control model
described by Edward Silver [Ref. 7] for probabilistic demand with a mean that varies
significantly over time. A limitation of the Silver model which makes direct
implementation in DOD systems impractical is the assumption that procurement lead
time is fixed. The modified Silver model described extends Silver's model to
accommodate variability in procurement lead time.* This variability is included in the
determination of the reorder point.

Because DOD constrains the maximum order quantity to be no more than six
quarters' worth of demand, the maximum order interval length is constrained in the
modified Silver model to six quarters. The Silver-Meal heuristic used in Silver's
model was changed to incorporate this constraint in the modified Silver model.

The remainder of this chapter describes the modified Silver model in detail.
Section B provides underlying assumptions and defines notation. Section C is devoted
to a discussion of the model. Section D provides some additional remarks concerning

the estimation of parameters and model implementation.

“The issue of fixed lead times is as much a contracting issue as a model consideration. In many
instances, procurement lead times can be considered nearly fixed. This is especially true when there are
few vendors, special purchase agreements exist, or firm lead times are specified in the contract. Inclusion
of lead time variation in the modified Silver model parallels, in many ways, its inclusion in the UICP
model.
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B. ASSUMPTIONS AND DEFINITIONS

The modified Silver model most closely resembles a periodic review (R,s,S)
model where inventory position is checked every R time units.” If the inventory
position (on hand + on order - backorders) is above the reorder point s, then no order
is placed. If the inventory position is at or below s, then an order is placed to bring
inventory position to level S [Ref. 9: p. 258]. However, in the classical model mean
demand is assumed to be stationary, enabling the decision variables s and S to be
computed and set for reasonably long periods of time (i.e., as long as no shift in mean
demand is detected). For the modified Silver model mean demand is assumed to vary
significantly over time, thus appropriate values of s and S would also be expected to
change, perhaps with each review cycle. In a periodic review system, the selection of
the value of the decision variable R, the time between reviews, generally corresponds
to some logical time interval; e.g., week or month, In our case the decision variable
R will be fixed at once a week, implying a policy of having a fixed time period
between supply demand reviews.®

In addition to the key assumption that mean demand varies over time, the

modified Silver model includes the following underlying assumptions:

3The reader is cautioned not to confuse the use of R in this section (time between reviews) and its use
in Chapter 1l (reorder point for the UICP model).

®Until recently, SPCC conducted supply demand reviews on a bi-weekly basis, although reviews were
sometimes run less frequently to postpone the expenditure of funds. As of 01 October 1994, SPCC
conducts supply demand reviews on a monthly basis. This policy change was made to increase the time
allowed for administrative reorder review. The selection of weekly reviews for the simulation
implementation is to allow for the least amount of deviation of the UICP model from its continuous review
assumption while still maintaining a periodic review system.
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As described above, calendar time is divided into fixed time periods of the
same length. Reviews will be conducted at the end of each period and
orders will arrive at the start of a period.

The mean and standard deviation of procurement lead time are known or
can be reasonably estimated.

At any review instance, demand forecasts exist for the next N time
periods, where N denotes the length of the forecast horizon.

The selection of the value of s does not depend on the value of S to be
used.

Demand forecast errors over intervals of length L+1, where L is mean
lead time, are Normally distributed with no bias (the significance of an
interval of length L+1 will become apparent later in the discussion).

An estimate of the standard deviation of the demand forecast error can be
made for periods of length L+1.

Holding costs are charged only on inventory carried from one period to the
next.

Safety stock will be determined based on a desired service level specified
by a probability of no stockout during a replenishment cycle. Safety stock
is the average level of net stock on hand just before a replenishment
arrives. Safety stock provides a buffer or cushion against larger-than-
expected demand during the replenishment lead time.

Receipts of outstanding orders do not cross in time.

The following notation is used in the development of the model:

A
d;
h

P
k,
k,
L
Q

- administrative order cost (dollars per order).

- forecasted demand for period i (units per period).

- holding costs (dollars per unit per period).

- inventory position at the time of review (t;).

- actual safety factor based on the current inventory position if an order is
not placed.

- required safety factor at the current review to attain the desired level of
service for L+1 time periods.

- mean procurement lead time (in periods).

- the size of the replenishment quantity.
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P - desired probability of no stockout per replenishment cycle.

S; - reorder point at time of review 1.

T integer number of periods that the current order is expected to cover.
to the time of the current review (time 0).

T - random varniable representing procurement lead time.

X1

X2

- forecasted demand over the time interval t; to L+1.
- forecasted demand over the time interval t, to T-1.
X3 - forecasted demand over the time interval T-1 to L+T.
- standard deviation of procurement lead time
oy, - standard deviation of forecast error over the interval t, to L+1.
oy, - standard deviation of forecast error over the interval t, to T-1.
0x; - standard deviation of forecast error over the interval T-1 to time L+T.

Figure 3.1 provides a graphical representation of the various time intervals involved in
the modified Silver model. Note, however, that X1, X2, and X3 refer not to the
length of the associated interval but rather to the amount of forecasted demand over

the associated interval.

Order Interval = T Periods

l 1
t,=0 T-1 T L L+1 L+T-1 L+T
E RV Vv

o 1 ! o i ! o | \__1 | | L ! o
‘ i i i ; ] | ! ] J
’ ]
X1
X2 ‘
X3

FIGURE 3.1. Time Sequence, Forecast Intervals, and Forecasted Demands.
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C. MODEL DEVELOPMENT

1. Determination of the Reorder Point

In deciding whether to place an order at the current review (t,) it must be
determined if the inventory position (IP) is such that the specified service level will be
met for the next L+1 periods. That is, if an order is not placed at time t;, the current
inventory position must provide adequate protection for a time interval of length L+1,
which would be the expected time of receipt of an order placed at the time of the next
review (t,+1). Therefore, in determining the reorder point we are concerned about
the expected demand X1.

Since forecast errors are assumed to be Normally distributed, the actual

safety factor [Ref. 25: p. 365] for an interval of length L+1 is
k. = IP-X1 (3.1)

where IP is the inventory position at time t,. The required safety factor (i.e, the
safety factor necessary to provide the desired service level) depends only on the
probability of no stock-out, P, specified by the inventory manager. Again, under the
assumption that forecast errors are Normally distributed, the required safety factor k,

must satisfy

P(Z = k,) =1-P, 3.2)

the probability that a standard Normal variable (Z) takes on value of k, or larger
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[Ref. 9: Chap 7]. Therefore, an order should be placed at the current review period if
k, < k;; that is, if the actual safety factor is not sufficient to provide the desired level
of service for the next L+1 periods.

Since the inventory position is known at t,, the values which must be
estimated in equation 3.1 are X1 and oy,. Forecasted demand, X1, is simply the sum
of the forecasts for each individual period in the interval from t, to L+1. An estimate
for the standard deviation of forecast errors over the interval is given by the following

expression:

L+1
Gy = \JZO? + dlol (3.3)
i-1

where i=1 is the first period following t,, ¢ is an estimate of the variance of the
demand forecast error for the i® period, dy, is the average period demand over the
interval associated with X1, and ¢,% is the variance of procurement lead time. The

derivation of equation (3.3) is provided in section D of this chapter.

2. Determination of the Order Interval (T)

The length of the order interval T is determined using the Silver-Meal
heuristic, which selects T such that the total relevant costs per unit time for the
duration of the replenishment quantity are minimized [Ref. 9: Chap 6]. The method
is a heuristic in that it selects T corresponding to the first minimum which occurs.
This minimum is not necessarily the global minimum. The heuristic selects the lowest

integer value of T that produces a local minimum of the function
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T
A+ hZ (l—l)d‘ (34)

TRCUT(D) = 7’,

where TRCUT is defined to be total relevant cost per unit time. It should be noted
that in the implementation of the modified Silver model we select the value of T
which minimizes TRCUT(T) from among the values 1 to the forecast horizon (6
quarters). This is accomplished by computing TRCUT(T) for each of the values 1 to
the forecast horizon, and selecting that value of T corresponding to the smallest
TRCUT(T). The modification is an improvement over the heuristic in that it
guarantees the minimum over the forecast horizon, whereas the heuristic does not.
This modification in the heuristic was implemented because of the DOD constraint

which limits the maximum reorder amount to the expected demand over 6 quarters.

3. Determination of the Order Quantity

Determinatidn of the order-up-to-level (S), and hence the order quantity
(Q), 1s a function of the length of the order cycle (T). Two distinct cases exist; one if
T=1 and the other if T>1. The differences between these cases will become
apparent from the following discussion.

The case for T=1 is represented graphically in Figure 3.2. If T=1, then
we are planning the current replenishment to have only enough stock to meet our
specified service level through the first period following receipt of the order (i.e.,
period L+1). This is precisely the value of X1 which was calculated in the

determination of the reorder point. In this case we simply order the deficit to the
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